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Abstract

This paper investigates fundamental phenomena related to understanding of frost deposition and growth. The water
vapor mass transfer rate from the air stream to a frost surface was tested and the results analyzed. The water vapor
pressure at the frost surface was found to be supersaturated, and this phenomenon is explained using laminar con-
centration boundary layer analysis. A simple equation for calculating the supersaturated water vapor density at the
frost surface was developed using boundary layer analysis, and it was compared to the experimental data. The com-
parison showed that the proposed equation for the water vapor supersaturation degree at the frost surface agrees well
with the experimental data. The physical meaning of the tortuosity factor, which is related to mass diffusion within the
frost layer, is mathematically explained, and published correlations were reviewed. It was found that some existing
correlations are basically empirical curve fits that force agreement of the frost growth rate with the measured values.
Further, these empirical curve fits do not satisfy the known physical bounds on the tortuosity factor. This deficiency
further supports the existence of supersaturation at the frost surface. The effect of uncertainty in tortuosity factor on the
heat transfer rate through a frost layer was quantitatively analyzed, and it was found that its uncertainty does not

significantly affect the heat transfer rate through the frost layer in typical frosting conditions.

© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Frost formation on a cold surface occurs by the mass
transfer of the water vapor from the air to the cold
surface or the frost surface. Some of the water vapor
transferred from the air flow to the frost layer deposits
on the frost surface, making the frost layer thicker. The
rest of the water vapor moves into the frost layer by
molecular diffusion, resulting in the frost layer becoming
more dense. Thus, precise estimation of the mass
transfer rate is very important to predict the frost
growth rate and densification rate of the frost layer.

Previous researchers have used the heat and mass
transfer analogy to obtain the mass transfer coefficient
at the frost surface. This is reasonable because the di-

* Corresponding author. Tel.: +1-814-865-0283; fax: +1-814-
865-1344.

E-mail addresses: bxn6@psu.edu (B. Na), rSw@psu.edu
(R.L. Webb).

! Tel.: +1-814-865-9719; fax: +1-814-865-1344.

mensionless governing equations for energy and con-
centration are identical. To calculate the mass transfer
rate, the driving potential, which is the water vapor
density difference between the air stream and the frost
surface, must be established. This requires specification
of the water vapor density at the frost surface.

Barron and Han [1] and Brian et al. [2,3] assumed
that the water vapor is saturated on and within the frost
layer. They determined the water vapor saturation
pressure using the saturation curve for water vapor over
ice. This assumption was also used by many other re-
searchers, such as Sanders [4], Jones and Parker [5],
Sami and Duong [6], Le Gall and Grillot [7], Tokura
et al. [8], Lee et al. [9], Tao et al. [10], and Schneider [11].
Mao et al. [12] developed an empirical correlation for
the mass transfer coefficient during frost growth. How-
ever, this correlation is based on the cold surface tem-
perature (not on the frost surface temperature). It is
noted that the exponents on the Reynolds number in the
heat transfer and mass transfer correlations are not the
same. This means that the heat and mass transfer
analogy is not used in their correlation. As noted above,

0017-9310/$ - see front matter © 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/j.jjheatmasstransfer.2003.08.023


mail to: bxn6@psu.edu

900 B. Na, R.L. Webb | International Journal of Heat and Mass Transfer 47 (2004) 899-911

Nomenclature

A area [m?]

A cross sectional area normal to the diffusion
path [m?]

Cpa specific heat of air [kJ/kg K]

D, water vapor diffusion coeflicient [m/s]

Degr effective water vapor diffusion coefficient in

the frost layer defined in Eq. (23) [m/s]

g function defined in Egs. (30a) and (30b)

isy sublimation energy of water [kl/kg]

k thermal conductivity [W/m K]

K, mass transfer coefficient based on humidity

ratio difference [kg/m? s]
LHR ratio of the latent heat transfer to the total
heat transfer

m, air flow rate [kg/s]

my water vapor mass transfer rate [kg/s]

m, water vapor mass flux [kg/m? s]

Myq water vapor mass transfer rate by molecular
diffusion rate [kg/s]

miy water vapor mass flux by molecular diffu-
sion rate [kg/m?s]

Pr Prandtl number

P, vapor pressure [kPa]

Py saturated vapor pressure [kPa]

q heat transfer rate [W]

q’ heat flux [W/m?]

r water droplet radius [m]

S supersaturation degree, (P, — Py)/Ps, as
defined by Eq. (1) [-]

s coordinate following diffusion path [m]

Sc Schmidt number

St heat transfer Stanton number

Stin mass transfer Stanton number

T temperature [°C]

Tk temperature [K]

t Time [s]

u x-component of air velocity [m/s]

Uso free-stream air velocity [m/s]

v crystal growth velocity [m/s]
w humidity ratio
AW log mean humidity ratio difference defined

by (VVal - VVa,o)/ln((VVa,i - VVfS)/(VVa,O - VVIS))

X coordinate along the flow direction [m]

Xfs frost layer thickness [m]

v coordinate normal to the flow direction [m]

Greek symbols

e porosity

n similarity parameter, n = y/+/vx/us

0y vapor density [kg/m?]
surface tension of liquid water [N/m]

T non-dimensional temperature, t = (7 — T)/
(T oo T Tfs)

T tortuosity factor defined in Eq. (26)

&, non-dimensional water vapor concentration,
év = (pv - pv.fs)/(pv,oo - pv,fs)

¢ non-dimensional velocity, {' = u/uy,

Subscripts

a air

cr critical value

exp experimental value

fr frost layer

fs frost surface

i inlet

ice ice

lat latent heat

o outlet

pre predicted value

sat saturation state

sen sensible heat

v vapor

w cold surface

00 free stream

Miscellaneous

~ (over-bar) mean value in the frost layer

all researchers of the frost formation have assumed that
the water vapor is saturated at the frost surface.

Contrary to the previously referenced work, Na and
Webb [13] have shown that the water vapor is super-
saturated at the solid-vapor interface. The term “‘su-
persaturation degree” is defined [4] as

S = (P, — Py)/Ps, (1)

where P, and P, are the actual local vapor pressure, and
the local saturation vapor pressure, respectively. Su-
persaturation implies that the saturation vapor pressure
is less than the local vapor pressure, which means that
the vapor is sub-cooled below its saturated state. The

S =0 if Py, = P, and increases as the local vapor sub-
cooling increases.

The concept of supersaturation, as related to con-
densation of water vapor in air, is well known and is
accepted in the fields of thermodynamics, chemistry, and
meteorology. For example, when steam is expanded
through a turbine nozzle, the water vapor condenses at a
temperature below that of saturation [14]. This phe-
nomenon is known as the “Wilson line”. Similarly water
vapor must be supersaturated for fog to form [15]. Su-
persaturation is required in these two examples, because
the condensed vapor forms very small droplets. Due to
surface tension, the vapor pressure surrounding the



B. Na, R.L. Webb | International Journal of Heat and Mass Transfer 47 (2004) 899-911

Table 1
Heterogeneous nucleation temperature for ice formation in fog
[16]

Substances Nucleation temperature (°C)
Silver iodide -2.5

Lake Albany clay -11

Volcanic ash (Crater Lake) -16

Cryolite -20

Topaz -23

droplet is less than that inside the droplet by the amount
20 /r, where r is the droplet radius. The pressure inside
the droplet is very slightly higher than the equilibrium
saturation pressure [15]. Hence, the vapor at the liquid—
vapor interface is supersaturated. The same conditions
occur in ice crystal formation. For example, Fletcher
[16] reviewed the published experimental data for ice
crystal formation in a supercooled fog and summarized
the nucleation temperature for nucleation on various
substrates. Table 1 shows their summarized data.

The data shown in Table 1 implies that the water
vapor is supersaturated, even if nuclei are supplied to the
foggy region to assist ice crystal to form. Na [17] and Na
and Webb [13] show that the required supersaturation
degree is strongly dependent on the surface energy,
which is influenced by coatings that provide different
contact angles.

The supersaturation degree at the frost surface is very
important for the mass transfer during frost growth
because it determines the driving potential for the mass
transfer. In this paper, the existence of the supersatu-
ration degree at the frost surface is experimentally vali-
dated. Further, analytic formulation for supersaturation
degree at the frost surface will be derived and compared
to the authors’ experimental data. This work thus pro-
vides new understanding of mass transfer phenomena in
frost deposition and growth.

The tortuosity factor in the frost layer is a key factor
in calculating the water vapor molecular diffusion in the
frost layer. Many correlations for the tortuosity factor in
porous media have been published. However, the cor-
relations were developed empirically and show signifi-
cant differences one another. Based on the physical
meaning of the tortuosity factor, its possible range will
be mathematically derived, and range of the tortuosity

Table 2
Non-dimensional boundary layer equations

901

factor predicted by the existing correlations will be
compared to the physical bounds as one means of es-
tablishing their validity (or invalidity). Further, the un-
certainty in the correlations on the heat transfer through
the frost layer and densification of the frost layer will be
analyzed for typical frost conditions.

2. Supersaturation at the frost surface

The ice crystal growth rate is dependent on the water
vapor supersaturation degree at the ice crystal-water
vapor interface. This is because the assimilation of
water vapor molecules into the ice crystals requires the
chemical potential difference between water vapor and
ice crystals at the interface. Based on the chemical po-
tential difference, Fletcher [16] derived the ice crystal
growth velocity (v) given by

v = Kexp[—A4/In(P,/Pys)], (2)

where K and A4 are constants, and the ratio
P,/Ps = (1+S). Eq. (2) shows that it is necessary that
the water vapor be supersaturated for ice crystals to
grow. Without supersaturation at the frost surface, frost
layer cannot grow. However, it is not practical to mea-
sure the local vapor pressure at a frost surface, which is
required to calculate S. This is likely the reason the prior
referenced researchers of frost deposition on a cold
surface have generally assumed that the water vapor is
saturated at the frost surface. A key purpose of this
paper is to define methodology to define the supersatu-
ration degree at the frost surface. At the following sec-
tion, the approach to obtain the supersaturation degree
will be tried.

2.1. Boundary layer analysis

Using boundary layer approximations for laminar
flow over a flat plate and the similarity parameter ()
and non-dimensional variables ({, 7, and ¢,) defined in
Table 2, the governing equations for momentum, en-
ergy, and concentration may be simplified to ordinary
differential equations as shown in Table 2. These ordi-
nary differential equations may be solved numerically,
and the solutions allow prediction of the local velocity,
temperature, and concentration.

Boundary layer Equations Definitions Boundary conditions
Momentum ¢+ =0 ) =— n=y/\/oxJus, {0)=0,{(0)=0, {'(c0) =1
Energy +87 =0 = (T —DoTh)/(T90 — Txs) 7(0) =0, t(00) = 1
Concentration &+, =0 &=y = )/ Py — Pusi) €(0) =0, &y(o0) =1
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With the calculated local temperature and concen-
tration, the supersaturation degree of water vapor in air
stream is obtained. The concentration equation uses as
the dependent variable the non-dimensional concentra-
tion (¢,). The concentration at the frost surface (p, ) is
needed to calculate the p, in the boundary layer. Fig. 1
shows the solution for the S vs. 5 based on two different
assumed boundary conditions at the cold surface. Fig.
la assumes the air is saturated at the cold surface
(S = 0). Fig. 1b assumes supersaturated air at the cold
surface. Attention is first directed at Fig. 1a which shows
variation of supersaturation degree (S) in the boundary
layer for 50%, 70%, and 100% relative humidity condi-
tions in the air stream. For the higher humidities (70%
and 100%), Fig. 1a shows that a maximum supersatu-
ration exists within the boundary layer, rather than at

10 T T T T
T,=-20°C
8+ 7,=0°C E
100% RH
9 P-P
6 70% RH s=2heyq00
50% RH
=
4+ v “ 4
2+ 4
0 1 !
-60 -40 -20 0 20 40 60
@ Supersaturation degree, S (%)
10 T T L T T T T
I T, =-40°C P-P
8L T=g00c S==mx100 5= Y
L R i
I RH=70% vx/u,
6 Saturated on a cold surface 1
t -
4l Supersaturation variation |
satisfying linearity
o[ |
0 [ 1 L L L .

-40 -20 0 20 40 60 80 100 120
(®) Supersaturation degree (%)

Fig. 1. Supersaturation degree variation in the boundary layer:
(a) saturation model; (b) supersaturation model.

the cold surface. We will prove that this condition is
physically impossible. Thus, we will prove that

e a maximum supersaturation cannot occur in the air
stream close to the cold surface,

¢ an inflection point for S cannot occur in the bound-
ary layer.

Finally, an appropriate procedure to determine and
obtain the supersaturation degree at the cold surface will
be presented as is illustrated in Fig. 1b.

If the convection term is negligible, the temperature
and concentration will vary linearly in the region adja-
cent to the wall; for example with laminar flow, in the
region 1 < 2, it can be assumed without significant error
that the velocity, temperature, and concentration gra-
dients are linear. Thus the concentration gradient must
be a constant for a given mass transfer rate:

dp, /dy = constant. (3)

Using the ideal gas relation and definition of the su-
persaturation degree, Eq. (3) may be written as

d(ﬂ) d{u+$m

o7 :d_y T ] = constant. (4)

It is reasonable to assume that the saturation pressure of
water varies linearly with saturation temperature in the
range of 0 to —40 °C. Thus, we may write

Py

T_K = aTK =+ b7 (5)
where a and b are constants. Using Eq. (5), Eq. (4) may
be expressed as

d
o [(1+S)(aTx +b)] =C. (6)

The dimensionless air temperature (t) varies linearly
with 5 in the region of interest and may be written as

t=cn or Tx=cy+d, (7)

where ¢ = ¢*/+/vx/u., and d = Tj. Using Eq. (7), Eq. (6)
becomes

%[(1 L)y +B)] = C, (8)

where 4 = ac and B = ad + b. Integrating Eq. (8) yields

C 1 )

S=——— 1
A AE(4y+B)

where E is a constant resulting that occurs from the
integration. Differentiating Eq. (9) with respect to y,
gives

ds 1 1

dv  E(4y+B)" 1o
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Eq. (10) shows that the first derivative of S cannot be
zero within the region of interest (y < 2). Therefore, it is
a mathematical impossibility to have a supersaturation
profile that has a maximum between the air stream and
the surface. Taking the second derivative of S yields
s 24 1 (an
dy? E (4y+B)*

Inspection of Eq. (11) shows that the second derivative
of S cannot be zero within the region of interest (7 < 2).
This means that it is mathematically impossible to have
an inflection point in the region (1 < 2). Therefore, it is
concluded that the supersaturation degree cannot have a
maximum point or an inflection between the air stream
and the cold surface. The key implication of this is that
the air cannot be saturated at the frost surface. Hence,
the S vs. n profiles shown on Fig. 1 are invalid.

It is necessary to establish a procedure to obtain the
supersaturation degree at the cold surface. Table 3
shows the order of terms 4y and B in Eq. (10) in the near
wall region ( < 2). The order of Ay is much less than
that of B. Hence, the gradient of supersaturation degree
in the region close to the cold surface may be treated as a
constant without significant error. Using the linearity of
the supersaturation degree in the near wall region the
following procedure is used to obtain S at n = 0:

(1) Assume S at 1 =0 and calculate the concentration
distribution.

(2) The supersaturation degree in the region n <2 is
obtained from the concentration distribution and
temperature distribution in the boundary layer.

(3) Using a linear regression method, the linearity is
checked in this region.

This procedure is performed for different values of S at
n = 0. The value of S at n = 0 is established by the best
linear curve of S vs. 5. Using the above procedure, Fig.
1b shows an example calculation of the supersaturation
degree distribution in the boundary layer and the su-
persaturation degree at the frost surface. Although this

simpler procedure that does not require iteration is given
in the next section.

2.2. Simple equation for supersaturation degree at the
frost surface

Using the above procedure, we calculated curves of S
vs. n for different values of surface temperature, air
temperature, and humidity. The curves of S vs. n satis-
fied the linear condition in the region n < 2. Next, the
values of S at 1 =0 were correlated by the following
empirical equation:

st = 0-808(Pv,:>o/vaAoo)(va.fs/va.oo)70.657 -1 (12)

T+ 14 °C < T, < Ti + 20 °C,
and — 40 °C < T < 0 °C.

2.3. Experiment for mass transfer rate

Experiments were conducted to validate the proce-
dure used to obtain the supersaturation degree at the
frost surface described above. The test surface was
fabricated of pure aluminum as shown in Fig. 2. This
design is composed of six aluminum fins on the alumi-
num base to increase the heat transfer area. The heat
transfer with air occurs only on the fins. This test surface
was located on the cold block shown in Fig. 2. The
carbon steel block is cooled by the thermoelectric
modules driven by a DC power supply. The heat on the
hot side of the thermoelectric modules is removed by the
coolant flowing through the heat sink. The temperature
of the cold block is controlled by the temperature of the
coolant.

The total heat transfer rate from the air to the test
section was measured in the carbon steel block in Fig. 2.
Four thermocouples were inserted in the carbon steel
block, toward the center of the block with 18 mm
spacing. The temperature gradient in the block was
measured by the thermocouples. Using this temperature
gradient, the total heat transfer rate was calculated:

is a straightforward procedure, it requires iteration. A Grotat = —HvlockAc(dTbiock /dx). (13)
Table 3
Orders of magnitude in Eq. (10)

Ay B=ad+b

A =ac Y =N x/us a d b

a c=c"/\/ox/us

107! c* v x Uoo n v x Uso 10! 10? 10!

10° 103 1073 10° 10° 1073 1073 10°
107! 107! 10!

102
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Fig. 2. Test section.

Using the measured air flow rate and air temperature
change between the wind tunnel inlet and outlet, the
sensible heat transfer rate in the test section was ob-
tained by the following energy balance:

qsen = macpa(TaJ - Ta,o)7 (14)

where T,; is the air temperature measured at the inlet of
the test section, and 7,, is the test section outlet tem-
perature. While frost deposits on the test surface, latent
heat transfer due to the phase change occurs. The latent
heat as well as the sensible heat is transferred through
the cold block (Fig. 2). Therefore, the latent heat
transfer rate can be calculated using the total heat
transfer rate through the cold block and the sensible
heat transfer rate measured by the air temperature dif-
ference. The latent heat transfer rate was calculated as

Qlat = total — Gsen- (153)

Using this latent heat, the mass transfer rate was cal-
culated by

my :qlat/isv- (ISb)

The heat balance was evaluated for the condition of only
sensible heat transfer to validate the test facility. The
heat transfer rate determined by Eq. (13) agreed with
that determined by Eq. (14) within 4%.

2.4. Results and discussion

The mass transfer rate may be predicted using the
following equation:

m” = KwAVVlma (16)

v,pre

where AW, is the logarithmic mean driving potential
based on the humidity ratio. The driving humidity dif-
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3 [
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A u=17mis, T,=108°C, T,=-48°C, T, =7.3°C
1 AAAAA | T T T 'S | S T T 'S | S T T 'S | S T T 'S | S T T 'S
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20 ; ; ; . .
18 F ]
16 | .
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(b) Elapsed time (min)

Fig. 3. Comparison of experimental data to predicted data: (a)
saturation model; (b) supersaturation model.

ference is based on that in the air stream (/,) and at the
frost surface (Ws). The humidity ratio at the frost sur-
face was assumed saturated at the frost surface tem-
perature in the prediction shown in Fig. 3a. The mass
transfer coefficient in Eq. (16) was calculated using the
heat and mass transfer analogy:

StPr3 = §t,.8c¢*3. (17)

The predicted mass flux is compared to the experimental
values measured in this work. During data acquisition,
raw data points were taken every 13 s, and each data
point was averaged for 300 s after a thin frost layer
covered the cold surface. The predicted m! values were
based on two different bases for the humidity ratio at the
frost surface (W). Fig. 3a shows the ratio of the pre-
dicted-to-experimental m assuming the air is saturated
at the frost surface, which is the assumption of the ref-
erenced previous researchers.
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As previously noted, all previously published frost
growth models assume that the water vapor at the frost
surface is saturated at the frost surface temperature.
This section evaluates the validity of this assumption.
Fig. 3a compares the present experimental data for the
mass transfer rate of the water vapor onto the frost
surface (m, eXp) to the predicted value (my ) based on
the assumption that the water vapor at the frost surface
is saturated at the frost surface temperature (saturation
model). Fig. 3a shows that the predicted mass transfer
rate is 4-30 times the experimental values. However, this
does not imply that the frost growth rate is overpre-
dicted by 4-30 times. This is because the frost surface
temperature increases as the frost thickness increases.
This significantly reduces the frost growth rate. More
discussion on this is provided in Na and Webb [18]. Fig.
3b shows the predicted-to-experimental m! assuming the
air is supersaturated at the frost surface. Because of the
supersaturation at the frost surface, the W should not
be evaluated as Wy,. Rather, one should calculate
Wi = (1 + 8) Wi s and substitute this in Eq. (16). The S
was calculated using Eq. (12) described in Section 2.2.
The predicted values are 0-25% higher than the experi-
mental results. Comparison of Fig. 3a and b shows that
use of supersaturated conditions at the frost surface
results in much more accurate prediction of the mass
transfer rate than is yielded by assumption of saturated
air at the frost surface. Hence, we conclude that the
assumption of saturation at the frost surface is clearly
incorrect.

3. Mass diffusion within the frost layer

Previously published models for the frost growth that
assume saturated air at the frost surface have shown first
order ability to predict the frost growth rate. The pre-
dictions for the frost growth rate are also influenced by
the equations used for the tortuosity factor. Thus, the
mass transfer rate overpredictions shown in Fig. 3a can
be compensated for by overpredictions in the densifica-
tion of the frost layer, resulting from tortuosity factors
empirically chosen to yield acceptable prediction of the
frost growth rate. In this section, the physical limit of the
tortuosity factor and its effect on the frost layer mech-
anism will be discussed.

The mass transfer rate within the frost layer is given
by multiplying the mass flux by the area normal to the
diffusion direction:

my = —DyA(0p, /0x). (18)

The coordinate x is shown in Fig. 4a. Diffusion occurs in
porous media through the pore regions, and the area in
Eq. (18) must be the cross sectional area of the pore
region (A4.). Fig. 4a shows the cross sectional area (4.) in

lg' q "
3:‘-’!«! .

(a)

Le Gall and Grillot
Tortousity factor isbetween these twolines.

2
e
S
8 4| Nealeand Nader
2 09+ Prager
[%3
é 0.8
€07
°

0.6
0.5

Zehnder 2
Brigeman 9%
~<—Auracher o
0.3 1 1 1 1 Py
0.0 0.2 0.4 0.6 0.8 1.0

Porosity (g)

0.4

(a) From diffusion test [21]
O Carborundum, [J : Cellle A : Glass sphere, V : Kaolin, < : Sand,
: Sodium chloride, O : Soil crumbs, © : Mica, [ : Steel wool, & : Vermiculite
(b) From electric resistance test [19]
@, W A V¥ :Glass sphere

(b)

Fig. 4. Mass diffusion in porous media: (a) tortuous diffusion
path; (b) comparison of correlations for tortuosity to experi-
mental data.

the pore region. The length of the path, along which the
diffusion occurs, is greater than that of the porous frost
layer thickness, because the pore region is generally
tortuous in the porous media. The diffusion mass
transfer rate through the pores may be expressed as

my = —D,A.(0p, /0s), (19a)
Dy A(dv/ds) (@, 2x). (19)

my

The symbol, s is the length following the diffusion path
shown in Fig. 4a. Based on the projected base surface
area, A, the mass flux may be expressed as

my, =m/A = —D,(A./A)(dx/ds)(0p,/0x). (20)
The local porosity of the porous media is the ratio of the
pore volume-to-total volume:

v = (de/A)(ds/dx). (1)

With Eq. (21) for the porosity, the mass flux has the
form of

m = =D, e (dx/ds)? (3p, /). (22)
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Introducing the effective diffusion coefficient for the
porous media defined as

Dy = Dvgfr(dx/ds)z- (23)
The mass flux may be expressed as
m!" = —Dey(0p, /Ox) = —Dyéer(dx/ds)*(0p, /0x). (24)

In the definition of the effective diffusion coefficient (Eq.
(23)), the porosity represents the reduced cross sectional
area, and the square of the path length ratio represents
the tortuous path of the diffusion.

Some authors have defined the tortuosity factor as
(dx/ds). However, using the (dx/ds)’ definition, which is
incorporated into the definition of D.¢ (Eq. (24)) yields a
simple equation for the mass transfer rate. Or, using
t = (dx/ds)” one may write Eq. (24) as

m, = —Dyet0p, /Ox, (25)
t = (dx/ds)” = (1/eq)(Deir/Dy)- (26)

The tortuosity definition of Eq. (26) is used in this study.
Note that Eq. (26) shows that the tortuosity factor
cannot be greater than one, because the increment
ds > dx.

The mass transfer rate is dependent on both the cross
sectional area of the diffusion path and the increased
path length in porous media. The cross sectional area
can be represented by the porosity of the porous media.
The diffusion path length will be strongly affected by the
shape and packing of the particles constituting the po-
rous media.

Table 4 lists equations that have been proposed for
the tortuosity factor for various particle shapes. Fig. 4b
shows measured tortuosity values for various particle
shapes. The closed symbols were taken by the electric
resistance method, and the open symbols by the con-
centration gradient measurement. Auracher [7] is the
only researcher to measure the tortuosity factor of a
frost layer. His equation in Table 4 is a curve fit of his
experimental data. The porosity of frost is in the range
of 0.6-0.9. Examination of Fig. 4b shows that the

Table 4
Tortuosity factor correlations

Auracher correlation agrees quite well with the data for
spheres within the porosity range of 0.6-0.9. Further,
the correlations of Neale and Nader [19] and Prager [20]
agree well with the sphere data in the porosity range of
0.6-0.9. Examination of Fig. 4b shows that 7 is strongly
dependent on the particle shape. The Zehnder equation
was developed to approximately fit the tortuosity factor
data for the several shapes on Fig. 4b. However, the
Zehnder equation shows poor agreement with the sphere
and frost data. Hence, for 0.6-0.9, one may use any of
the following equations to reasonably predict the tor-
tuosity factor of frost: Auracher [7], Neale and Nader
[19], Prager [20], and Bridgemen [20].

Le Gall and Grillot [7] developed a numerical model
for the frost growth rate. They investigated the mass
diffusion rate within the frost layer by comparing their
numerical model to their experimental data for the frost
growth rate. They adjusted the predicted mass diffusion
rate by changing the tortuosity factor to force the pre-
dicted frost growth to agree to the experimental data.
Their tortuosity factor is also shown in Fig. 4b. Their
tortuosity factor shows values greater than 1.0, which is
not physically possible. Tao et al. [10] also give a tor-
tuosity factor much greater than Le Gall and Grillot.
They obtained this by numerical modeling, using an
approach similar to that of Le Gall and Grillot. As
previously noted, both models assumed saturated vapor
at the interface. We do feel that these tortuosity equa-
tions are not valid, because the tortuosity factor cannot
be greater than one, as noted above. A detailed discus-
sion of the shortcomings of the Le Gall and Grillot and
Tao et al. tortuosity factors are given in Na and Webb
[16,18].

The above discussion shows that precise predictive
equations of the tortuosity factor for a frost layer do not
exist. Hence, an important question to evaluate is “How
sensitive is the heat transfer rate, densification, and
growth rate to the tortuosity factor?” In Section 3.1, this
question is analyzed for the limiting cases. The resulting
analysis for limiting cases will indicate how much an
error in prediction of the tortuosity factor will cause

Author

Tortuosity factor

Comments

Brian et al. [3]
Auracher [7]

Le Gall and Grillot [7]

Zehnder [4]

Neale and Nader [19]
Prager [20]
Bridgemen [20]

0.769 <1< 0.909
1 I—Sfr
T=——
Efr 058(1 781})
_ e 3el0
=TT 0581 — o) 0.58(1 e + F,10(1 — & )e
T= (1 — /1= Sfr>/8fr
=203 &)
T=(1+¢ex)/2
T=ép

Fixed bed of glass particles

Frost in capillary tube

Numerical adjustment F, depends on
frosting conditions.

Various porous media

Isotropic spherical packing

Entropy analysis
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error in prediction of heat transfer rate, the frost growth
rate, and densification of the frost layer. If the heat
transfer and growth rate, or densification rate are not
very sensitive to the tortuosity factor, one may draw
conclusions concerning how accurate the tortuosity
equation must be.

3.1. Latent heat transfer rate by diffusion

Heat transfer occurs within the frost layer by con-
duction and water vapor diffusion. In this section, the
magnitude of these two heat transfer modes are com-
pared and the fraction of each heat transfer mode to the
total heat transfer is discussed.

The heat flux by conduction may be approximated by
the temperature gradient in the frost layer and the
thermal conductivity of the frost layer:

q;"r,sen = l;ff(z}r - TW)/fo' (27)

Xgs 1s the thickness of the frost layer. The latent heat flux
by the water vapor diffusion may be approximated by
the saturation humidity ratio gradient through the frost
layer and the effective water vapor diffusion coefficient
within the frost layer:

Gt rar = EsvDetrpa (Wi — Woy) [xss. (28)

The water vapor is assumed saturated in the frost layer
for the purpose of the relative comparison and the sat-
urated humidity ratio at the frost surface and at the cold
plate are functions of temperature.

The latent heat transfer ratio (LHR) may be intro-
duced to estimate the portion of the latent heat transfer
rate through frost layer:

s
Dot T Doen fi
_ isvﬁeffﬁa(Wfs B WW)
" iwDeepy(Wes — Woy) + hie(Ts — Toy)

LHR =

(29)

To simplify Eq. (29), the function, g(7x,7,) is intro-
duced and defined as

g(wa T,) = (Wfs - WW)/(Tfs - TW)- (30a)

The saturation humidity ratio is not linear with satura-
tion temperature, and the function, g(7,7T,) is not
simple. However, the approximate value of the function
g(Tx, Ty) may be obtained at the average of Tj; and Ty:

g(Tx, Tyy) ~ AW, /dT; To=(Ti+Tw)/2° (30b)

The latent heat ratio can be simplified with the above
function and the definition of the tortuosity factor (Eq.

(26)):

isvfgfrDvpag(wa Tw)

LHR = ™ .
ZSVTSI‘rDvpag(T}w Tw) + kfr

(31

In Eq. (31), factors other than g(7j, T,,) and thermal
conductivity of the frost layer, may be treated as con-
stant. The maximum error for the LHR, due to the
uncertainty of tortuosity factor, occurs at the maximum
value of g(7j,Ty). The maximum value of g(Tf, T)
occurs at 0 °C, which can be calculated using the water
vapor saturation curve.

Fig. 5 shows the LHR vs. tortuosity factor for dif-
ferent values of porosity. For the analysis of limiting
cases, the parallel and serial model for the thermal
conductivity of the frost layer [4] were used, which give
the maximum and minimum values of the frost layer
thermal conductivity, respectively. Fig. 5a provides the
results for the parallel model and Fig. 5b for the serial
model for —1 °C. Fig. 5c and d shows the same com-
parisons for —20 °C. Calculations were performed for
the LHR and total heat transfer rate for a +14% vari-
ation of tortuosity factor about a mean value of 0.7. The
0.7 tortuosity factor was estimated for 300 kg/m® and
was read from Fig. 5. The results are shown in Table 5.
Table 5 shows that 14% uncertainty for the tortuosity
factor affects the total heat transfer rate less than 3%.
The reason the error is small is that the LHR is small
compared to the total heat transfer rate.

The above analysis was conducted to investigate the
effect of uncertainty in predicting the tortuosity factor.
For the purpose, the extreme case that the value of
g(Tx, Tyy) is taken near 0 °C (=1 °C) and the serial model
for the thermal conductivity was considered. This value
predicted the largest LHR shown in Table 5. The value
of g(T, Tiy) decreases exponentially as temperature de-
creases. Hence, LHR and the error in predicting the
total heat transfer rate exponentially decreases as the
frost temperature decreases.

Consequently, an error in the range of 14% in the
tortuosity factor will result in an insignificantly small
error in the heat transfer rate in the frost layer.

3.2. Densification of the frost layer

The diffused water vapor changes phase within the
frost layer, increasing the density of the frost layer. The
thermal conductivity of the frost layer increases as
the density of the frost layer increases.

The densification rate may be approximated as

dpy /dt = miy . (32)

The densification rate of the frost layer is dependent on
the diffusion rate of water vapor at the frost surface. The
average mass diffusion rate of the water vapor may be
approximated as

mgs = Derepy(Wis — Way) [is. (33)
This diffused water vapor sublimates within the frost

layer and increases the frost density. As the frost layer
grows more dense, the thermal conductivity of the frost
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Table 5

Estimation of error for total heat transfer rate due to the tortuosity factor

Frost temperature (°C) Thermal conductivity LHR (%) Variation of LHR with 14%  Error for total heat transfer
model variation of tortuosity factor  rate (%)
around 0.7 (%)
-1 Parallel 27 +11 +3
Serial 42 +7 +3
-20 Parallel 6.3 +12 +0.8
Serial 12 +13 +1.6
layer increases. This rate of thermal conductivity change dky,  —  _ Wi — W, dig
— = Dyeiipy——— — (35)
may be expressed as dt xe dpg

ke 0py dks
dr — dr dpg’

(34)

Egs. (32)-(34) may be combined and the rate of thermal

conductivity change is approximated as

Using the tortuosity factor and the function, g(7, Ty)
defined by Eq. (30), Eq. (35) becomes

dke
7“ - fﬁfrDvpag(Tfsy Tw)

Tl& - Tw dl}ﬁ'
dr Xfs

—. 36
dpﬁ' ( )
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To estimate the rate of thermal conductivity change for
different values of tortuosity factor, the limiting thermal
conductivity models (parallel model and serial models)
are again used. The derivatives of thermal conductivity
of the frost layer with respect to the density are for the
parallel model:

dkl‘r/dpt\r ~ 7ice/ﬁice (373)
and for serial model:
dl_ffr/d/_)fr ~ (l/l_faﬁice)(l/l_cice + gfr/l_{a)72~ (37b)

The temperature drop across the frost layer is also
needed to estimate the ratio. In this estimation, the
maximum value that may occur in a refrigeration
evaporator is estimated. To estimate the maximum va-
lue, it is assumed that the dominant heat transfer resis-
tance is in the frost layer. This means that heat transfer
resistance for convection on the frost surface is negligi-
ble. The following values were used for the estimation
analysis:

e air temperature: —20 °C,
cold plate temperature: —25 °C,
o frost thickness: 0.5 mm.

Fig. 6 shows the (dks/df)/ks ratio vs. tortuosity fac-
tor for both the parallel and serial thermal conductivity
models with variation of the tortuosity factor. Fig. 6a
shows the results for the parallel model and Fig. 6b is for
the serial model. The maximum value of the ratio,
(dkg /df)lkg, occurs with the parallel model when the
tortuosity factor and porosity of the frost layer are one.
Even if the tortuosity factor and porosity of the frost
layer are less than one, the value of one was used for the
purpose of estimating the effect of the error in predicting
the tortuosity factor on the densification rate, which
affects the thermal conductivity of the frost layer. The
maximum value is approximately 5x 10~¢ s~!. Using this
value, the thermal conductivity change rate can be cal-
culated:

dk/dt = 5 x 1078 - kg, [W/m K. (38)

The frost thermal conductivity changes less than 2% for
1 h. Hence, it may be concluded that the tortuosity
factor or water vapor diffusion has an insignificant effect
on the change of thermal conductivity with respect to
time.

3.3. Frost growth rate

The effect of tortuosity factor on the frost growth
rate is discussed in this section. This is done by esti-
mating the ratio of the diffusion rate in the frost layer
to the total transferred water vapor. This ratio is given
by

1e-5 T T T v T
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<
3
T 1e9
3
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Fig. 6. Thermal conductivity change ratio: (a) parallel model
for thermal conductivity; (b) serial model for thermal conduc-
tivity.

Ratio = myy . /my,
~ TgfrDv[(Vst - Ww)/xfs]/Kw(VVa - Vst) (39)

The mass transfer coefficient, K, at the frost surface
may be estimated using the heat and mass transfer
analogy (Eq. (17)). The ratio defined in Eq. (39) is de-
pendent on the environmental parameters. An order of
magnitude analysis is useful to estimate the ratio in Eq.
(39). Table 6 lists the absolute values of the variables in
Eq. (39), and their orders of magnitude. The heat
transfer coefficient, A, for the mass transfer coefficient
was assumed to be 150 W/m? K, which is a reasonable
value of air side heat transfer coefficient.

Using the order of magnitudes in Table 6, the order
of the ratio in Eq. (39) is found to be 1072, This implies
that the quantity of water vapor diffusing into the frost
layer is less than 10% of the total water vapor transfer
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Table 6
Base data for the order of magnitude analysis of Eq. (39)
Variables Symbols Values Order of magnitude Comments
Tortuosity T 0-1 1 Maximum value
Porosity &y 0-1 1 Maximum value
Diffusion coefficient (m?/s) D, 1.45x1075-2.49%107> 107 T, = —50 to 20 °C
Air density (kg/m?) Da 1.58-1.2 1
Humidity ratio W, 0.0037 1073 0°C
Wi 6.3x10* 10-* -20 °C
W, 2.4x1073 1073 -50 °C
Humidity ratio difference W, — W 0.011 1073
Wes — Wy 0.0038 1074
Frost thickness (m) Xt 0.001 1073
Specific heat of air (J/kg K) I 1005 103
Lewis number Le 0.89 1
Heat transfer coefficient h 150 -
(W/m? K)
Mass transfer coefficient (m/s) Ky 0.14 107!

from the air stream to the frost layer. So, more than 90%
of the mass transfer goes to increasing the frost thick-
ness.

This order of magnitude analysis can be proved using
the parallel model of frost structure. This model gives
the maximum ratio of water vapor diffusion-to-the total
mass transfer from the air stream to the frost layer.
Using the parallel model, the tortuosity factor is one
because the diffusion path is not tortuous. The water
vapor diffusion rate may be expressed as

m/v/d,t‘s = Dvafrpa(Wfs - WW)/fo~ (40)

The total mass transfer rate from the air stream to the
frost layer is

m = Ko (W — ). (41)

Using the values in Table 6 for calculating Egs. (40) and
(41), the ratio given in Eq. (39) becomes less than 7%.
This means the order of magnitude analysis performed
above is successful.

Therefore, it may be concluded that the quantity of
the diffused water vapor is very small compared to that
of deposited water vapor, and moderate error in pre-
dicting the tortuosity factor will have very small affect
on the prediction of frost growth rate. As noted in the
discussion of Fig. 4b, the tortuosity equations of Aur-
acher [7], Neale and Nader [19], Prager [20], and
Bridgemen [20] will all approximate that of frost for the
expected porosity range of 0.6-0.9.

4. Conclusions

The analysis presented in this paper supports the
following conclusions:

(1) When frost forms or grows on a cold surface, the
water vapor is supersaturated at the frost surface.
This is contrary to the assumption used by previous
researchers, who assumed the water vapor is satu-
rated at the frost surface.

(2) The mass transfer rate will be greatly overpredicted,
if it is assumed that the air is saturated at the cold
surface. Previously published frost models incorpo-
rate this assumption.

(3) The present model predicts the mass transfer rate
within 0 to +25%.

(4) The tortuosity factor is relatively insensitive to the
heat transfer through the frost layer, densification
rate of the frost layer, and frost growth rate. The
Prager correlation is recommended for analyzing
the frost growth rate and densification.
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